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Abstract 

For a complex reductive group G acting linearly on a complex affine space V with respect to a character 
p, we show two stratifications of V associated to this action (and a choice of invariant inner product on 
the Lie algebra of the maximal compact subgroup of G) coincide. The first is Hesselink's stratification 
by adapted 1-parameter subgroups and the second is the Morse theoretic stratification associated to the 
norm square of the moment map. We also give a proof of a version of the Kempf-Ness theorem which 
states that the GIT quotient is homeomorphic to the symplectic reduction (both taken with respect to p). 
Finally, for the space of representations of a quiver of fixed dimension, we show that the Morse theoretic 
stratification and Hesselink's stratification coincide with the stratification by Harder-Narasimhan types. 

1. Introduction 

When a complex reductive group G acts linearly on a complex projective variety X C IP™, 
then Mumford's geometric invariant theory (GIT) [13] associates to this action a projective 
GIT quotient X//G whose homogeneous coordinate ring is the G-invariant part of the homo- 
geneous coordinate ring of X. The inclusion of the G-invariant subring induces a rational map 
X ---> X//G which restricts to a morphism on the open subset X ss C X of semistable points. 
Topologically, the projective GIT quotient X//G is X ss /G modulo the equivalence relation that 
two orbits are equivalent if and only if their closures meet in X ss . If X is smooth, then it is a 
symplectic manifold with symplectic form given by restricting the Kahler form on P n and we 
can assume without loss of generality that the action of the maximal compact subgroup K C G 
preserves this symplectic form. Then there is an associated moment map [i : X — > &* where .8 is 
the Lie algebra of K. The symplectic reduction of Marsden and Weinstein jll] and Meyer [12] is 
the quotient (0) / K . The Kempf-Ness theorem (see [7] and [13] §8) gives a homeomorphism 
between the symplectic reduction and GIT quotient 

ir\G)/K ~ X sa //G. 

Kirwan |1U| and Ness [2] show that two stratifications of the smooth projective variety X 
associated to this action (and a choice of .ftT-invariant inner product on &) coincide. The first 
stratification is Hesselink's stratification by adapted 1-parameter subgroups (1-PSs) of G. We 
recall that the Hilbert-Mumford criterion is a numerical criterion used to determine semistability 
of points in terms of 1-PSs (see [13J §2). Kempf builds on these ideas and associates to any 
unstable point a conjugacy class for a parabolic subgroup of 'adapted' 1-PSs which are most 
responsible for the instability of that point [8] (where the norm associated to the given inner 
product is used to give a precise definition of most responsible). Hesselink shows the unstable 
locus X — X^ can be stratified by conjugacy classes of 1-PSs [5]. We view this as a stratification 
of X with the open stratum given by X ss (which we can think of as the stratum corresponding 
to the trivial 1-PS). The second stratification is a Morse theoretic stratification associated to 
the norm square of the moment map \\fj,\\ 2 : X — > R where we use the norm associated to the 
given inner product. The strata are indexed by adjoint orbits K ■ (3 for (3 € & (or equivalently 
coadjoint orbits as the inner product allows us to identify &* = R). For an adjoint orbit K ■ (3, 
we let Ck-p denote the set of subsets of critical points for ||//|| 2 on which fi takes a value in the 
coadjoint orbit corresponding to K ■ j3. The corresponding stratum Sk-/3 consists of all points 
whose negative gradient flow under ||/i|| 2 converges to Ck-p- For both stratifications, one can 
determine the index set for the stratification from the weights of the action of a maximal torus. 

In this paper, we suppose G is a complex reductive group acting linearly on a complex affine 
space V and ask whether the same results still hold. One immediate difference from the above 
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set up is that V is not compact and so we may have some issues with convergence properties; 
luckily this turns out to not be a problem as in the algebraic setting we are only interested 
in actions of 1-PSs \(t) on v € V for which the limit as t — > exist and in the symplectic 
setting the convergence of the negative gradient flow of the norm square of the moment map 
has already been shown by Harada and Wilkin [1] and Sjamaar |16j . 

The affine GIT quotient for the action of G on V is the morphism V — > V//G := SpecC[y] G 
associated to the inclusion of the invariant subring C[F] G C[V]. There is no notion of 
semistability yet and so the GIT quotient is topologically V/ G modulo the equivalence relation 
that two orbits are equivalent if and only if their closures meet. Therefore Hesselink's stratifi- 
cation of V is the trivial stratification. If we take a Hermitian inner product on V such that 
the maximal compact subgroup K C G acts unitarily, then there is a natural moment map 
fj, : V — > M.* for the action of K. In this case there is only one index for the Morse stratifica- 
tion associated to ||/u|| 2 (for any choice of inner product) with critical subset corresponding to 
Co = /i _1 (0) and so the Morse stratification is also trivial. Therefore, trivially the stratifications 
agree. The affine GIT quotient is homeomorphic to the symplectic reduction (this is a special 
case of Theorem 14.21 below) . However, in the compact setting the proof is given by exhibiting a 
continuous bijection between the compact symplectic reduction and the separated GIT quotient 
which is then a homeomorphism. In the affine case, we no longer have compactness and so we 
instead provide a continuous inverse going in the opposite direction by using the retraction 
V — > ^ _1 (0) associated to the negative gradient flow for \\p\\ 2 . 

More generally, we can use a character p of G to get a non-trivial notion of semistability by 
using p to lift the action of G on V to the trivial line bundle L = V x C. In this situation there 
is a GIT quotient V// P G (with respect to p) which is a quotient of an open subset V p ~ ss C V 
of /9-semistable points. This construction was used by King to construct moduli space of quiver 
representations [9]. More precisely, this GIT quotient is the quasi-projective variety 

V// p G = Proj0C[V]£ 

n>0 

where C[V]^L = {/(<? ■ v) = p n {g)f(v) for all v,g} is the ring of semi-invariants of weight p n . 
Thus, a point v is /9-semistable if and only if there is a semi-invariant / of weight p n for n > 
such that f(v) ^ 0. For infinite groups the origin is always p-unstable (for nontrivial characters 
p) and so Hesselink's stratification is nontrivial. On the symplectic side, if p is a character of 
K, then we can use this to shift the moment map. We write p p for the shifted moment map 
and the symplectic reduction (with respect to p) is (p p )~ 1 (0) / K . We give a proof of an affine 
version of the Kempf-Ness theorem which states that the GIT quotient is homeomorphic to the 
symplectic reduction (both taken with respect to p). 

Next we compare Hesselink's stratification with the Morse theoretic stratification of V associ- 
ated to a fixed .fT-invariant inner product on .ft. The main difference for Hesselink's stratification 
in the affine case is that for an unstable point v, to determine which 1-PSs are adapted to v we 
only consider those for which lim^o X(t)-v exists. On the Morse theory side, since the negative 
gradient flow of the norm square of the moment map converges much of the picture remains 
the same as in the projective setting. In the projective setting, Kirwan |10j §6 gave a further 
description of the Morse strata Sr. a in terms of Morse strata for the functions : V — > M given 
by v i— > p(v) ■ ft and | \p — ft\ | 2 . In the affine case, we also provide a similar description; however, 
our description differs slightly to that of Kirwan due to the fact that the negative gradient flow 
of p/3 on V does not always converge. We prove the Morse theoretic stratification coincides with 
Hesselink's stratification (both taken with respect to p) for a fixed iT-invariant inner product 
on Furthermore, we show that the index set for Hesselink's stratification and the Morse 
theoretic stratification can be determined combinatorially from the weights associated to the 
action of a maximal torus (cf. §2.41 and §3.31 below). 

Finally, we apply this to the case in which V is the space of representations of a quiver 
of fixed dimension and G is a reductive group acting on V such that the orbits correspond 
to isomorphism classes of representations. It follows from above that the Morse stratification 
coincides with Hesselink's stratification, but we can also compare this to the stratification by 
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Harder-Narasimhan types (where the notion of Harder-Narasimhan filtration depends on a 
choice of invariant inner product on the Lie algebra of the maximal compact subgroup of G). 
For a fixed inner product, we prove that all three stratifications coincide. For the case when 
the chosen inner product is the Killing form, the Harder-Narasimhan stratification has been 
described by Reineke in [15] and Harada and Wilkin show that for this inner product the 
Harder-Narasimhan stratification and Morse theoretic stratification on V coincide [I]. In his 
Ph.D. thesis, Tur [IT] shows that Hesselink's stratification by adapted 1-PSs agrees with the 
Harder-Narasimhan stratification (for any choice of invariant inner product) and so it follows 
from this and the result we gave above that all three stratifications coincide. However we 
provide a concise proof of this fact for completeness of the paper. Whilst this paper was being 
completed, we note that Zamora has also given a proof that the Kempf filtration (this is a 
natural filtration associated to an adapted 1-PS) is equal to the Harder-Narasimhan filtration 
for quiver representations |18| . 

The layout of this paper is as follows. In £J21 we give some results on afhne geometric invariant 
theory. In particular, we give results for semistability of points with respect to a character p and 
also describe Hesselink's stratification by adapted 1-PSs. In we describe the moment map, 
symplectic reduction and the Morse stratification associated to the norm square of the moment 
map for complex affine spaces. In §H we show for a fixed invariant inner product that the Morse 
stratification agrees with Hesselink's stratification. In this section we also give a proof of the 
affine Kempf — Ness theorem and prove an alternative description of the Morse strata. In Sj5j 
we apply the above to the space of representations of a quiver of fixed dimension. We define a 
notion of Harder-Narasimhan filtration which depends on the choice of invariant inner product 
and show that the stratification by Harder-Narasimhan types coincides with both the Morse 
stratification and Hesselink's stratification. 

Acknowledgements. I would like to thank Frances Kirwan for teaching me about these results 
in the projective setting. I also wish to thank Ben Davison, Alastair King and Graeme Wilkin 
for useful discussions and comments. 

2. Affine geometric invariant theory 

In this section we can work over an arbitrary algebraically closed field k of characteristic 
zero. Let G be a reductive group acting linearly on an affine space V over k. Let k[V] denote 
the /c-algebra of regular functions on V; then there is an induced action of G on k[V] given 
by g • f(v) = f{g~ l ■ v) for / G k[V] and g G G. The inclusion of the invariant subalgebra 
fc[V] > k[V] induces a morphism of affine varieties V — > V//G which is known as the affine 
GIT quotient. In general this is not the same as the topological quotient V/G as the affine 
GIT quotient identifies orbits whose closures meet. In particular if one orbit is contained in the 
closure of every other orbit (as is the case when G m acts on A n by scalar multiplication), then 
the affine GIT quotient V//G is simply a point. 

To avoid such collapsing for reductive actions on affine spaces, we can instead use a non- 
trivial character p : G —> G m to linearise the action so that we obtain a better quotient of an 
open subset of V as follows. Let L = V x k denote the trivial line bundle on L; then we use p 
to lift the action of G on V to L so that 

9 ■ 0,e) = {g ■ v,p{g)c) 

for g G G and (v, c) G L = V x k. We write L p to denote the linearisation consisting of the line 
bundle L and lift of the G-action given by p. We note that as linearisations L® n = L p n for all 
n£Z where L® _1 := L p 1 = L p -i is the dual linearisation to L p . There is an induced action of 
G on H°(V,L® n ) given by 

g . a (v) = p n (g)a(g- 1 v) 
for <7 G H°(V,L® n ) and g G G. We note that the invariant sections 

H°(V,Lf n f - k[V] G pn := {/ G k[V] : f(g ■ v) = p n (g)f(v) for all v G V,g G G} 
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are equal to the semi-invariants on V of weight p n . Consider the graded algebra 

R:=(B n > H°(V,Lf n ) 

and its invariant graded subalgebra R G = @ n R G where R G = k[V] G n is the algebra of semi- 
invariants on V of weight p n . The inclusion R R induces a rational map 

(1) V-+ V// p G = Vio]R G 
which is undefined on the null cone 

(2) N = {v G V : f(v) = V / G ® n>0 R G }- 
Following Mumford [13] . Definition 1.7 we have: 

Definition 2.1. Let u€7; then 

i) v is p-semistable if there is an invariant section a G H°(V,L® n ) G = k[V] G n for some 
n > such that <r(u) ^ 0. 

ii) f is p-stable if dimG x = and there is an invariant section a G H°(V,L® n ) G = k[V} G n 
for some n > such that c(i>) ^ and the action of G on the open affine subset 
V a := {u G V : cr(tt) 7^ 0} is closed (that is, all G-orbits in V a are closed). 

iii) The points which are not p-semistable are called /3-unstable. 

The open subsets of />stable and p-semistable will be denoted by V p ~ s and V p ~ ss respectively. 

By definition, the semistable locus V p ~ ss is the complement of the null cone N and we call 
the morphism V p ~ ss — > V// p G the GIT quotient with respect to p. This approach of using a 
character to twist the trivial linearisation on an affine space was used by King to construct 
moduli spaces of representations of finite dimensional algebras [9]. We note that King modifies 
the notion of stability so that one can have a subgroup of dimension greater than zero contained 
in the stabiliser of each point and still have stable points. In fact Mumford's original notion of 
stability [13] does not require points to have zero dimensional stabilisers; the modern notion of 
stability (where one asks for zero dimensional stabilisers) is what Mumford refers to as proper 
stability. 

Theorem 2.2. (Mumford) The GIT quotient ip : V p ~ ss —> V// p G is a good quotient for the 
action of G on V p ~ ss . Moreover, there is an open subset V p ~ s /G C V// P G whose preimage under 
p is V p ~ s and the restriction ip : V p ~ s —> V p ~ s /G is a geometric quotient (which in particular is 
an orbit space). 

Remark 2.3. In general the GIT quotient V// P G = Proj R G with respect to p is only quasi- 
projective. It is projective over the affine GIT quotient Spec/c[V] G = Spec R G and so is projec- 
tive if = k. We note that if p is the trivial character, then in this construction we recover 
the affine GIT quotient V -> V//G. 

2.1. Criteria for stability. We note that for finite groups, the notion of semistability is trivial 
for any character p and so from now on we may as well assume our group is infinite. The following 
lemma gives a topological criterion for semistability. The proof follows in the same way as the 
original projective version (see [T3] Proposition 2.2 and also [S] Lemma 2.2). We let L" 1 = L p -i 
denote the dual linearisation to L p . 

Lemma 2.4. Let v = [v , a) G L~ l be a point lying over v G V for which a / 0. Then 

i) v is p-semistable if and only if the orbit closure G • v of v in L" 1 is disjoint from the 
zero section V x {0} C L~ 1 = V x k. 

ii) v is p-stable if and only if the orbit G ■ v of v in L" 1 is closed and dimG • v = dimG. 

The topological criterion can be reformulated as a numerical criterion, known as the Hilbert- 
Mumford criterion, by using 1-parameter subgroups (1-PSs) of G; that is, non-trivial homomor- 
phisms A : G m G. As every semi-invariant for the action of G is also a semi-invariant for 
the action of any subgroup of G, we see that if v is p-(semi)stable for the action of G it must 
also be p- (semi) stable for the action of A(G m ) for any 1-PS A. We shall see that the notion of 
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p- (semi) stability for a one-dimensional torus A(G m ) can easily be reformulated as a numerical 
condition. By the topological criterion for the one-dimensional torus A(G m ): 

i) v is p- (semi) stable for the action of A(G m ) if and only if lim^o X(t) ■ v ^ V x {0} and 
lim^oo A(t) -v<£Vx {0}. 

ii) v is p-stable for the action of A(G m ) if and only if neither limit exits. 

Let (p, A) denote the integer such that p o X(t) = t^'^; then 

-l 



G LZ 



The limit lim^o X(t) ■ v exists if and only if lim^o X(t) ■ v exists and (p, A) < 0. In particular 
if limj^o X(t) ■ v exists, then lim^o X(t) ■ v ^ V x {0} if and only if (p, A) > (if it is positive 
the limit does not exist and if it is zero then the limit exists but does not belong to the zero 
section). 

For v £ V and a 1-PS A of G, we let p p (v, A) := (p, A). We note that the quantity p p (v, A) is 
independent of the point v, but we use this notation in analogy with the projective case. 

Proposition 2.5. (Hilbert-Mumford criterion) For v G V and a 1-PS X of G, we have 

i) v is p-semistable if and only if p p (v,X) > for every 1-PS X of G for which the limit 
limt_>o X(t) • v exists. 

ii) v is p-semistable if and only if p p (v,X) > for every 1-PS X of G for which the limit 
lim^o X(t) ■ v exists. 

The discussion proceeding this proposition proves the 'only if direction of the Hilbert- 
Mumford criterion and the converse follows by using the following well-known theorem from 
GIT (the first version of this goes back to Hilbert; for a proof see [8], Theorem 1.4 or [T5J §2): 

Theorem 2.6. Let G be a reductive group acting linearly on an affine space V . If v € V and 
w € G ■ v, then there is a 1-PS X of G such that lim^o X(t) ■ v exists and is equal to w. 

If we fix a maximal torus T C G, then the action of T on V gives a weight decomposition 

(3) ^=0 y-x 

xex*(T) 

where x*{ T ) ■= Hom(T,G m ) and V x := {v £ V : t ■ v = x(t)uVt G T}. We refer to the 
finite set of characters x f° r which V x ^ as the T-weights for the action. For any v € V, we 
write v = ^2v x with respect to this decomposition and define wtr(v) = {x '■ v x 0}- We let 
X*(T) '■= Hom(G m ,T) denote the set of cocharacters. If T = (G m ) n is an n-dimensional torus, 
then there are natural identifications 

x(t) = (f 11 , . . . , t m -) m. (mi, . . . , m n ) m- x (h, ...,t n ) = nC l 

and the natural pairing between characters and cocharacters corresponds to the dot product on 
Z n . We define the cone of allowable 1-PSs for v to be 

(4) C v := p| H x cM n 

where H x := {A G X*(T)m. — K" - : (XjX) > 0}. Then, by construction of this cone, a 1-PS A 
belongs to C v if and only if 

lim Aft) • v = lim t (x ' A) u Y 
x 

exists. Then the Hilbert-Mumford criterion can be restated as: 

i) v is p-semistable for the action of T if and only if C v C H p . 

ii) v is p-stable for the action of T if and only if C v — {0} C H° where 

H° p := {A G X*(T)r = K n : (p, A) > 0}. 

Moreover, as every 1-PS of G is conjugate to a 1-PS of T, we can use the above criteria to give 
criteria for p-(semi)stability with respect to G. 
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Proposition 2.7. Let v G V; then 

i) v is p-semistable if and only if for all g G G we have C gv C H p . 

ii) v is p-stable if and only if for all g G G we have C gv — {0} C H°. 

Remark 2.8. If C gv = {0} for all g G G, then G ■ v is p-stable for any character p. We shall 
refer to such points as strongly stable points. We note that if v = 0, then Co := R n and so 
is unstable for any non-trivial character p. We also note that if p = is the trivial character, 
then Hp = W 1 and H° = 0, thus all points are semistable and the strongly stable points are the 
only stable points. 

In the projective setting, the set of torus weights can also be used to study (semi)stability of 
points (for example, see [2] Theorem 9.3); although a weight polytope is used (which is equal 
to the convex hull of some torus weights) rather than a cone of allowable 1-PSs. 

2.2. Instability. To study the null cone N of unstable points, Kempf gave a notion for a 1-PS 
to be adapted to an unstable point which makes use of a normalised Hilbert-Mumford function 
p p {v , A)/||A|| where || — || is a fixed norm on the set x*(G)/G of conjugacy classes of 1-PSs. 
As the set of orbits for the action of G on G (by conjugation) is equal to the set of orbits for 
the action of the Weyl group W on a maximal torus T of G, to fix such a norm is equivalent 
to fixing a maximal torus T of G and a norm on X*(T)/W- Under the natural identification 
X*(T) = Z n , we can take the standard Euclidean norm on 1" and average over the action of 
the (finite) Weyl group W to produce a norm which is invariant under the action of W. 

Assumption 2.9. We assume that ||A|| 2 G Z for all 1-PSs A. 

Example 2.10. If G = GL(n) and T is the maximal torus of diagonal matrices, then the 
dot product on Z n = x*(T) is invariant under the Weyl group W = S n which acts on T by 
permuting the diagonal entries. 

Remark 2.11. Often we shall work over the complex numbers, in which case a complex re- 
ductive group G is equal to the complexification of its maximal compact subgroup K C G. As 
any 1-PS of G is conjugate to a 1-PS which sends the maximal compact subgroup U(l) C C* 
to K C G, we can just consider 1-PSs of this form. There is a natural isomorphism x*(K)r = 
Rom(U(l),K) ® z R = & := LieK given by 

A d\(2m) := ^A(exp(2vrit))|i =0 G & 

whose inverse is given by sending aG^to the real 1-PS exp(Ma) C K (although we note that 
the map A : 5 1 — > K given by A(exp(27rit)) = exp(ta) is not necessarily a group homomorphism) . 
We refer to points a G R which lie in the image of x*{K) under this isomorphism as integral 
weights (in this case, the corresponding A is a group homomorphism). A G-invariant norm on 
the set of 1-PSs of G is then equivalent to a X-invariant norm on R and Assumption 12.91 is 
equivalent to requiring that ||a|| 2 G Z for all integral weights a. For example, any positive 
scalar multiple of the Killing form on ^ is a if-invariant inner product and a suitably scaled 
version of the Killing form would satisfy Assumption [ 



Definition 2.12. Let v be ^-unstable for the action of G and define 

M£(v) = inf 



where the infimum is taken over all 1-PSs A of G for which lim^o A(t) • v exist. We say that a 
subgroup H C G is optimal for v, if Mq(v) = M^(v). We shall often write M p (v) rather than 
Mq(v) when it is clear that we are considering the action of a fixed group G. A 1-PS A is said 
to be p-adapted to v if it achieves this minimum value; that is, 

W " ||A|| • 

We let A p (v) denote the set of indivisible 1-PSs which are /3-adapted to x. 
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For torus actions, we can combinatorially determine A p (v) from the cone C v denned at (j3|): 

Lemma 2.13. Let v be an unstable point for the action of a torus T = G 7 ^ on a vector space 
V linearised by a non-trivial character p; then A p {v) consists of a unique indivisible 1-PS. 

Proof. As v is /9-unstable, the cone of allowable 1-PSs C v defined at Q is not contained in the 
half space H p . By definition 



where the infimum is taken over 1-PSs AG C B fl Z" - {0}. As (p, A) = ||A|| ||p||cos#,\p where 
9\ p is the angle between the vectors A and p, this is equivalent to taking the supremum over 
A G C v n 7U 1 — {0} of the angle between p and A. Hence, there is a unique ray R contained in 
the cone C v along which the normalised Hilbert-Mumford function is minimised. Since R is the 
ray consisting of vectors whose angle to p is maximal over all vectors contained in the cone C v , 
either R is the ray spanned by —p or R is a ray contained in the boundary of the cone (that is; 
it is contained in x '■= { a £ ^™ : ( a , p) = 0} for some x G wtr(i;)). In either case, R is the 
span of an integral point in M. n = x*(T)r and so contains a unique point which corresponds to 
a indivisible 1-PS. □ 

As any two maximal tori of a reductive group G are conjugate and p p (v , A) = p p (g-v, gXg^ 1 ) , 
we see that one can calculate the possible values of M p by fixing a maximal torus and calculating 



for all cones C which are constructed using some subset of the T- weights as at In particular, 
we see that for any reductive group M p : V — > M takes only finitely many values and A p (v) ^ 
for any p-unstable point. 

Definition 2.14. For any 1-PS A of G we define a parabolic subgroup of G: 



One can easily modify the results of Kempf [8] on the sets A(v) to our setting of a reductive 
group action G on an affine space V linearised by a character p: 

Theorem 2.15. (Kempf) Let G be a reductive group acting on an affine V and suppose p is a 
character which we use to linearise this action. Ifv€V is p-unstable, then 

i) A p (g ■ v) = g A p (v)g- 1 for all g G G. 

ii) There is a parabolic subgroup P(v,p) such that P(v,p) = P(X) for all A 6 A p (v). 

iii) All elements of A p {v) are conjugate to each other by elements of P(v,p). Moreover, the 
stabiliser subgroup G v is contained in P(v,p). 

iv) Let T C P(v,p) be a maximal torus of G, then there is a unique 1-PS ofT which belongs 
to A p (v). 

v) If X £ A p (v) and w = lim^o ■ v, then also X G A p (w). 

2.3. The stratification of Hesselink. When a reductive group G acts linearly on a projective 
space P n , there is a stratification of the unstable locus P" — (p™) ss = uS[x],d associated to this 
action and any norm as above which is indexed by pairs ([A], d) where [A] denotes the conjugacy 
class of a 1-PS of G and d is a positive integer (see Hesselink [5] and also Kirwan [TU] §12). In 
this projective case, the strata are defined as 



where M{x) := inf p{x, A')/||A'||. We can easily modify these ideas to our setting of a reductive 
group G acting on an affine space V with respect to a character p to obtain a stratification of 
the null cone N = V — V p ~ ss . We fix a norm on the set of conjugacy classes of 1-PSs of G 





S[\}4 ■= {x ■ M(x) = -d and A(v) n [A] ^ 0} 
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which we assume comes from a conjugation invariant inner product on the set of 1-PSs of G. 
In the afflne setting, the index d is redundant as it is determined by A and p; that is, 

d = -M» = -4^ = -%rr 1 >o 



for A G A p (v). We define 

S [x] := {v G N : A p (v) D [A] ^ 0}; 

then these subsets stratify the unstable locus N := V — V p ~ ss into G- invariant subsets (for 
details on what we mean by a stratification see Theorem 12.161 below) . The strata Sm may also 
be described in terms of the 'blades' 

(5) S x = {v G N : A G A»} C S [x] 
and the limit sets 

(6) Zx = {v G N : A G A p {v) n G v } C S x 

where G v denotes the stabiliser subgroup of v and A is a representative of the conjugacy class 
[A] . It follows from Theorem 12.151 that Sm = GSx • We let px : Sx — > Zx be the retraction given 
by sending a point v to lim^o A(t) • t>. There is a strict partial ordering < on the indices given 
by [A] < [A'] if 

(P,A) > (p,A'). 



that is, M p (u) > M p (v') for v G Sm and «' G S [y y 

Theorem 2.16. Given a reductive group G acting on an affine space V with respect to a 
character p, there is a decomposition of the null cone N := V — V p ~ ss 

N = U S W 

[A] 

into finitely many disjoint G -invariant locally closed subvarieties S[x] ofV. Moreover, the strict 
partial ordering describes the boundary of a given stratum: 

ds [x] n s [y] + 

only if[X] < [A']. (We refer to such a decomposition with such an ordering < as a stratification). 

Proof. By Theorem 12.151 the strata are disjoint and G-invariant. Let A be a 1-PS of G which 
indexes a Hesselink stratum S\\y, then we write V = © r V r where V r = {v G V : X(t) ■ v = t r v}. 
We let V x = Vq denote the fixed point locus for the action of A and V+ = ® t >qV t denote the 
locus consisting of points v G V for which lim^o A(t) -v exists. Then both V x and are closed 
subsets of V. There is a projection px : —> V x given by sending a point to its limit under 
X(t) as t — > 0. Clearly we have a containment of the blade Sx C V x and its limit set Zx C V x . 
In fact, Zx is an open subset of V x and S\ = p' x 1 (Zx) by Proposition 12.181 and Lemma f2.19l 
below. It follows from this that Six] = GSx is a locally closed subvariety of V. 

To prove the claim about the boundary, we note that as 5m is contained in the closed set 
GV X , so is its closure. If v G dS\ X ] n Snn; then v' = g • v G V x . As lim t ^.o A(t) ' t ' / exists 

M>)=MV) = ^r< iP,X) - 



that is, [A] < [A']. □ 
Remark 2.17. From this stratification, we get a stratification 

(7) V = U S M 

where the minimal stratum S\q\ := V p ~ ss is open and is indexed by the trivial 1-PS. We shall 
refer to this stratification of V as Hesselink's stratification. 
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If A is a non-trivial indivisible 1-PS which indexes a Hesselink stratum, we let G\ denote the 
subgroup of G consisting of elements g G G which commute with X(t) for all t; then this group 
acts on the fixed point locus 

V x := {v G V : A(G m ) C G v } 

and we can use a character p\ of G\ to linearise the action. We use A* to denote the character 
of G\ which is dual to the 1-PS A of G\ under the given inner product and (using additive 
notation for the group of characters) define 

(8) p x :=\\X\\ 2 p-(p,X)X*. 

We note that ||A|| 2 and — (p, A) are both positive integers and so p\ is a character of G\. We 
want to compare the semistable set (y x ) px ~ ss for this action of G\ with the limit set Z\ C V x 
consisting of points v fixed by A and for which A is p-adapted to v. For the projective version 
of the following proposition, see Kirwan [10] Remark 12.21 and Ness [2] Theorem 9.4. 

Proposition 2.18. Let X be a non trivial 1-PS which indexes a Hesselink stratum. Then the 
limit set Z\ is equal to the semistable subset for the action of G\ on V x with respect to the 
linearisation given by p\. 

Proof. Let v G V x ; then firstly we claim that G\ C G is optimal for v in the sense of Definition 
I2TT21 By Theorem 12151 ii). if A' G /\ p (v) then A' is a 1-PS of P(v,p) and by iii) of the same 
theorem, G v C P(v,p). Hence, there exists p G P(v,p) such that pX'p^ 1 and A commute; that 
is, pX'p^ 1 G X*{G\) n A p (v ) which proves the claim. 

Firstly, suppose that A is not /3-adapted to v G V x so that v ^ Z\. Then there is a 1-PS A' 
for which lim^o X'{t) ■ v exists and such that 

(Q , (p,X') (p,X) 



and as G\ is optimal for v, we can assume that A' is a 1-PS of G\. By definition of p\ we have 

pf x (v,X') = (p x ,X') = \\X\\ 2 ( P ,X') - (p,A)(A,Y) 

and using ([9]) this gives 

^(^A / )<(p,A)(||A||||A'||-(A,A / )). 

Then since (A, A') = ||A|| ||A'|| cos^^' < ||A|| ||A'|| and (p, A) < 0, we have 

^MM')<(p,A)(||A||||A'||-(A,A'))<0 

which implies v is not /9A-semistable by Proposition 12.51 

Conversely, if v is unstable with respect to the action of G\ linearised by p\ then there is a 
1-PS A' of G\ such that 

WA') ■= (PA,A')<0. 
Take a maximal torus T of G\ which contains both A and A'; then in R n X*(T) R ^ X *(T) 
consider the vectors p, p\, X and A'. By definition of p\, this vector is contained in the interior 
of the cone spanned by p and A and is orthogonal to A: 

(p A ,A) = ||A|| 2 (p,A)-(p,A)(A,A) = 0. 

As (/?, A) < and (p\, A') < we also know that the angles Pj \ and PX: \> are both at least ir/2; 
therefore # Pi a+A' > 8p,\ > 7T /2 and so 

= ||p||cos(^ iA +A') < ||p||cos(0 PiA ) = - 



||A + A'|| 

which shows that A is not /j-adapted to v. □ 
Lemma 2.19. Let X be a non-trivial 1-PS of G which indexes a Hesselink stratum S^],' then 

S x =p' x 1 (Z x ) 

where p\ : V x — > V x is the retraction given by sending v to lim^o A(t) • v. Moreover, S\ is a 
locally closed subvariety ofV. 
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Proof. By Theorem 12.151 if v £ S\, then p\(v) E Z\. Now suppose v E and p\(v) E Za- If 
v $l 5m, then v is p-unstable as p p {v,X) = (p, A) < and so we can assume v E Then 
Pa(^) ^ 9S\x'] H 5m and so [A'] < [A]. However as both lim^o A(i) • f and lim^o A'(i) • t> exist, 

(io) M >) = W <(P ' A) 



which contradicts [A'] < [A]. Hence v E 5m H = 5a- We note that Za is open in y A as it is 
the semistable set for a reductive group action and since also S\ = p\~ (Z\) we have that 5a is 
locally closed. □ 

2.4. The indices for Hesselink's stratification. If we fix a maximal torus T of G, then every 
conjugacy class [A] has a representative A which is a 1-PS of T. It follows that to calculate the 
indices [A] occurring in Hesselink's stratification, we can just calculate the 1-PSs of T which 
are p-adapted to p-unstable points for the action of T. This can be done combinatorially as in 
Lemma 12.131 where we find the unique indivisible 1-PS which is adapted to an unstable point 
v by finding the ray in the cone C v whose angle to p is maximal. As there are only finitely 
many T- weights, there are only finitely many cones C v to consider (which can be determined 
combinatorially from subsets of the T- weights). 

3. The moment map and symplectic reduction 

Let K be a compact real Lie group acting smoothly on a complex vector space V. We 
fix a Hermitian inner product H : V x V ^ C on V and assume that K acts by unitary 
transformations of V. The imaginary part of H is a symplectic inner product on V which we 
can multiply by any nonzero real scalar. We let uj = -ImH : V xV ^-M. denote our symplectic 
inner product on V; then 

w) = — (H(v, w) - H(v, w^J = ^- (H(v, w) - H(w, v)) . 

By identifying TV = V x V we see that (V, w) is a symplectic manifold and u is K-invariant. 
The infinitesimal action is a Lie algebra homomorphism 8. — > Vect(V) given by a t— >■ ay where 
a v := (ay)v is given by 



d 

a v = — exp(ta) • v\ t =o E T V V 



for a E ^ = LieK. 



Definition 3.1. A moment map for the action of K on V is a smooth map p : V — > &* where 
= LieK such that 

(1) p, is equivariant for the given action of K on V and the coadjoint action of K on 8*. 

(2) For v E V, a E 8. and C E V = T V V we have 

dp v (() ■ a = oj(a v ,() 

where • : 8* x R — >■ R denotes the natural pairing, dp v denotes the derivative of p at v 
and a v E V = T V V denotes the infinitesimal action of a on v. 

Lemma 3.2. For the standard representation of U(V) on V, there is a natural moment map 
p : V — > u(V)* given by 

p(v) ■ a = -u>(av,v) = H(av,v) 

2 2-7TZ 

for v E V and a E u(V). Moreover, if K acts unitarily on V , then the composition of the above 
map with the projection u(V)* — > 8* associated to this action is a moment map for the action 
on V . 

Proof. We firstly note that the second equality in the definition of p is due to the fact that 
(11) H(av,w) +H(v,aw) = 
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for all v,w G V and a G u(V). The equivariance of fi follows immediately from the fact that H 
is invariant for the action of U(V). The infinitesimal action of a € u(V) at v G V is 

a v := — exp(ia) • v = av G V = T V V. 
For v G V, a G u(V) and C G V = we have 

dp(v)(() -a := —p(v + tQ ■ a\ t =o = \-fo U) {a(y + tQ,v + *C) I*=o 

= - [a;(au, () + u(a(, v)] = — [H(av, () - H((, av) + H(a(, v) - H(v, aQ] 

m -L [£r(au, C) - #(C ««)] == "(av, 
— 2m 

and hence p is a moment map for the action of U(V). If <p : K — > U(V) denotes the repre- 
sentation corresponding to the action of K on V and we use (p : M — > u(V) to also denote the 
associated Lie algebra homomorphism, then the natural moment map for the ET-action on V is 

fi K = ° Mu(v) : ^ ->• «00* -> 

where tp* is dual to 99. Thus 

Hk{v) ■ a = —H(tp(a)v,v), 

2m 

although we shall often for simplicity write a to mean p(a) in such expressions. □ 

Remark 3.3. Given a character p : K — > U(l) we can identify U(l) S 1 and LieS 1 ^ 2vriM. 
Let dp : & — > 2mR denote the derivative of this character. Then ^dp G &* is fixed by the 
coadjoint action of K on R* and so we can define a shifted moment map pP : V — > &* by 

p p (v) ■ a = -ui(av, v) dp ■ a = (H(av, v) — dp ■ a) . 

2 2m 2m 

We shall refer to this as the natural moment map for the action of K shifted by p. 

In symplectic geometry, the symplectic reduction is used as a quotient: 

Definition 3.4. The symplectic reduction for the action of K on V (with respect to the 
character p) is given by yp~ rcA = (p p )^ 1 (0)/K. 

If is a regular value of p p and the action of K on V is proper, then the symplectic reduction 
yp-rcA - g a rea j ma nifblcl G f dimension dimjj V — 2A\m^K. Moreover, Marsden and Weinstein 
[llj and Meyer [12] show that there is a canonical induced symplectic form w red on V p ~ red such 
that i*uj = ir*oj red where i : (^)" 1 (0) ^ V is the inclusion and tt : (pP)~ l (0) -> F^ red is the 
projection. 

3.1. The norm square of the moment map. Given an inner product (— ,— ) on the Lie 

algebra A of K which is invariant under the adjoint action of K on K, we can identify .ft = A*. 
We let || — || denote the associated norm on & = A* given by ||a|| 2 = (a, a). 

Suppose we have an action of K on a complex affine space V (by unitary transformations) 
with natural moment map p := p p : V — > R* shifted by a character p as above. We let 
p* : V — > M denote the map constructed from p and the isomorphism &* = ^; thus 

p(v) ■ a = (p*(v), a). 

We consider the norm square of the moment map 

\\p\\ 2 : V^R 

v^\\p(v)\\ 2 

which is a real analytic function. The derivative of this function is a 1-form d||ju|| 2 on V which 
at v G V and ( G V = T V V is given by 

(12) d\\p\\l(() := j f \\p(v + tC)||%=o = 2(4MC),A*(tO) 

= 2dp v (()-p*(v) = 2u J (p*(v) v ,()- 
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The critical locus crit||/i|| 2 := {v : <i||/i|| 2 = 0} is a closed subset of V. 

Lemma 3.5. Let v G V ; then the following are equivalent: 

(1) v is a critical point of ||/i|| 2 : V — > R. 

(2) The infinitesimal action of fi*(v) at v is zero: fJ,*(v) v = 0. 

(3) fJ?(y) G &u where Au is the Lie algebra of the stabiliser K v of v. 

Clearly // _1 (0) = (//*) _1 (0) is a subset of the critical locus crit||/x|| 2 ; we refer to these critical 
points as minimal critical points. For /3 G .ft, we can consider the function fip : V — > R given 
by (if}(v) = n(v) ■ (3. As d\i$ = uj{Pv, the critical locus of \i$ is the set of points v G V for 
which the infinitesimal action of f3 is zero; that is, 

crit/^g = {v G V : /3 V = 0}. 

It follows from Lemma 13.51 above, that the intersection crit^/j PI (//*) _1 (/3) is contained in the 
critical locus crit||/u|| 2 . Since \ \fj,\\ 2 : V — > R is if-invariant, the critical locus crit||/i|| 2 is invariant 
under the action of K. Therefore the disjoint sets 

C K . p := K(cntn P n (^*)~ 1 (/3)) = crit||//|| 2 n • P) 

indexed by adjoint orbits K ■ j3 cover the critical locus of ||/i|| 2 computed at (|12|) and we refer 
to these subsets Ck-p as the critical subsets. 

We take a metric compatible with the complex and symplectic structure on V and this defines 
a duality between 1-forms and vector fields where u}(—,ip) is dual to it/}. The 1-form d||//|| 2 is 
dual (under this metric) to a vector field on V which we denote by grad||/u|| 2 and from the 
calculation of d||^|| 2 at (|12p . we have at v £ V that 

(13) grad||^|| 2 = -2i/x*(v) v . 

Definition 3.6. For v G V, the negative gradient flow of \\n\\ 2 at v is a path J v (t) in V which 
is defined in some open neighbourhood of € R>o and satisfies 

7„(0) = v j' v (t) = -grad||^| | 2 4t) . 

The negative gradient flow exists by the local existence of solutions to ordinary differential 
equations and it is well known that j v (t) exists for all real t (for example, see [6]). If v is a critical 
point of ||//|| 2 , then gradJI^K 2 = and so J v (t) = v is the constant path. From the expression 
for grad||/i|| 2 given at (fT3|) . we see that the finite time negative gradient flow is contained in the 
orbit of v under the action of the complexified group Kc whose Lie algebra — & ® i& is the 
complexification of R. Moreover, even though we are working in a (non-compact) affine space, 
the gradient j v (t) converges to a critical value Voo of \\n\\ 2 by work of Harada and Wilkin [4J 
and Sjamaar [16] , 

3.2. Morse-theoretic stratification. We use the negative gradient flow of ||/u|| 2 to produce 
a Morse-theoretic stratification of V as follows. The index set for the stratification is a finite 
number of adjoint orbits which index nonempty critical subsets: 

(14) S:={K-/3:/3G^andC^.^/0}. 
For K ■ f3 G B, we define the associated stratum 

S K .p ■= {v G V : lim j v (t) G C K -p} 

t— >oo 

to be the set of points whose negative gradient flow converges to Cj^.r. We refer to the strati- 
fication 

(15) V= □ S K .p 

K-/3eB 

as a Morse stratification; the partial order on the indices is given by using the ET-invariant 
norm 1 1 — 1 1 on R in the natural way. We say one stratum is lower or higher than another if its 
corresponding index is with respect to this norm. In particular, the lowest stratum is indexed 
by G A and So C V is open with limit set Co = /i _1 (0). 
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If we fix a maximal torus T C K and a positive Weyl chamber t+ C t = Lie T, then an 
adjoint orbit K ■ f3 meets t+ in a single point f3 and so we can view the index set B as a finite 
set of elements in t+. 

3.3. Description of the indices. The indices f3 G B can be computed from the weights 
of a maximal torus T of K acting on V similarly to the projective case given in [1CH I14j . 
although the role of weight polytopes is now played by shifted weight cones. A torus action 
gives an orthogonal decomposition V = @ X V X wnere the indices x are characters of T and 
V x = {v G V : t ■ v = x(t) v f° r an t ^ T}. We use the natural identification x*(T)r = t* given 
by ^ 

2m 

to identify (real) characters with elements of t* = t and will write x to mean either a character 
or an element of t* = t. We refer to the points in the lattice x*(T) C t* as integral points. Let 
T-wt := {x '■ Vy 7^ 0} denote the set of T- weights for the action. The advantage of working 
with a maximal torus is that the image of a complex vector space under a moment map for a 
torus action (shifted by p) is a cone generated by the torus weights (shifted by —p) [U |3]. 

If B is a (possibly empty) subset of the T- weights, then we associate to B a cone C(B) in t 
given by the positive span of these weights (where the cone associated to the empty set is the 
origin 0). Let C- P (B) := C(B) — p denote the translation of this cone by — p; then we define 
/3(B) to be the closest point of C- P (B) to the origin. We claim that 

B = {(3(B) et+:Bc T-wt}. 

The proof follows in exactly the same way as the projective case (for example, see [10] §3) except 
that the weight polytopes are replaced by our shifted weight cones: to show /3(B) is an index 
one can find v G Vb = ® x ^bVx such that v G Sjc.pm) an d given f3 G B one can find v G S v such 
that p*(v) G t and then f3 = (3(B) where B = {x ■ v x ^ 0} and v = ^ v x . 

Prom this description we see that the indices f3 (which are the closest points to the origin of 
cones defined by integral weights x shifted by an integral weight p) are rational weights; that 
is, n/3 G X*(T) = X*(T) = Z rkr for some natural number n. 

Remark 3.7. If p is the trivial character, then any cone Cq(B) associated to a subset B of the 
torus weights will contain and so /3(B) = for all such subsets B. Thus if p = 0, there is only 
one Morse stratum So = V . 

3.4. An alternative description of the strata. In this section we given an alternative de- 
scription of the Morse strata which is similar to the description in the projective setting given 
by Kirwan in |10| §6. We note that our notation differs slightly from that given in |10j . 

For j3 G ^, we let pp : V — >• R be given by pp(v) = p(v) ■ j3 as above. Then dpp = ui(/3y, —) 
and 

crit/^ = {v G V : G J^} =: V p . 

We note that pp is constant on this critical locus: pp(V@) = —dp ■ /3/2iri (in the projective 
setting this is not always the case and so one only considers certain connected components of 
this critical locus). The gradient vector field associated to p@ is gr&dpp = —ij3y and so the 
negative gradient flow of p$ at a point v G V is given by 

^(t) = exp(it/3) ■ v. 

We let := {v G V : lim^oo exp(it(3) ■ v exists} denote the subset of points for which the 

limit of the negative gradient flow exists; then there is a retraction pp : vf — > given by the 
negative gradient flow. In the projective setting, the negative gradient flow of any point under 
pp converges and the notation pp : Yp — >• Zp is used. 

Let Kp denote the stabiliser of j3 under the adjoint action of K and let &p denote the 
associated Lie algebra. Then V@ is invariant under the action of Kp and for v G V@ we note 
that p(v) G &*p (for example, in pH] see the proof of Theorem 9.2). Hence p : -¥ &*p is a 
moment map for the action of Kp on '. As (3* = (/3, — ) G is a central element, p — (3* is 
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also a moment map for the action of Kg on V@ . If we wish to emphasise that we are considering 
/i as a moment map for the action of Kp on V 13 or K on V we will write p,Ka or fix respectively. 
The critical subset of \\p\\ 2 associated to (3 (or more precisely the adjoint orbit of (3) is 

C K . fi :=K (exit ftp Hp," 1 (ft*)) = crit\\ fx\\ 2 Hp," 1 (K-/3*) 

and we let Cp := crit/^g n p~ l {/3*) = V I3 D p' 1 ^*) C C K .p. 

Lemma 3.8. For /3 G the set Cp is equal to the set of minimal critical points for the norm 
square of the moment map p — /3* : Vp — ¥ &%; that is, 

Cp = (ji-^)-\Q). 

Proof. We verify that {ji Kfi - P*)' 1 ^) = /^(/?*) = HkHP*) n Vp = Cp. □ 

Remark 3.9. If Cp is nonempty, then p,p(Cp) = ||/3|| 2 but as /3 V = for v G V^, we also have 
fip(yP) = —dp ■ (3/2iri. Therefore the norm of /3 satisfies 

\\f3\\ 2 = -dp-f3/2m. 

Then — /3*|| 2 is used to obtain a description of the Morse stratum Sx-p for ||//|| 2 as in |10j . 

Definition 3.10. Let Z™ m C V? be the minimal Morse stratum for the function \\p — (3*\\ 2 
on (whose points flow to Cp by Lemma 13.81 above) and Y^ m C be the preimage of 

Z min c yP under pf} . yP _^ yP _ 

As in |IDj, we can consider a parabolic subgroup Pp of the complexified group G := Kc 
Pp = {g G C : hm exp(itfi)g exp(zi/3) _1 exists} 

t— >oo 

which leaves y+ and l^" 111 invariant. As G = KPp, we have that GV^ = -ftTFj 3 and similarly 
GYg min = iTKg min . In Theorem OH below, we prove that S K .p = GY™' m . 

4. A COMPARISON OF THE ALGEBRAIC AND SYMPLECTIC DESCRIPTIONS 

We recall that a group G is complex reductive if and only if it is the complexification of its 
maximal compact subgroup K C G. In this section we suppose that we have a linear action of 
a complex reductive group G = Kc on a complex vector space V for which K acts unitarily 
(with respect to a fixed Hermitian inner product H on V). We linearise the action as in $2]by 
choosing a character p : G — > C* and use this to construct a linearisation L p whose underlying 
line bundle is the trivial line bundle L = V x C. We assume that p{K) C U(l) ^ S 1 so that 
we can consider the restriction of p to K as a compact character. Then the main results of this 
section are: 

i) The GIT quotient V// P G with respect to p is homeomorphic to the symplectic reduction 
yp-rcd = ^py^oyx with respect to p (cf. Theorem IP below). 

ii) If we fix a K-invariant inner product on then Hesselink's stratification of V by />adapted 
1-PSs agrees with the Morse stratification of V associated to ||/U P || 2 (cf. Theorem 14.121 below). 

4.1. AfRne Kempf Ness theorem with respect to a character. Before we can state the 
affine Kempf-Ness theorem, we need one additional definition from GIT. We recall that the 
action is lifted to L~ l := L^ 1 = V x C by using the character —p. 

Definition 4.1. An orbit G • v is said to be p-polystable if G ■ v is closed in L^ 1 where 
v = (v, a) G L _1 and 

One can show that an orbit is p-polystable if and only if it is /O-semistable and closed in y~ ss . 
By Lemma |2.4| we have inclusions 

yp-s (- yp-ps c yp-ss 
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where y~ ps denotes the locus of p-polystable points. Prom now on we use the terms stability, 
polystability and semistability to all mean with respect to the character p. As the closure of ev- 
ery semistable orbit in the semistable locus contains a unique closed orbit (which is polystable), 
the GIT quotient V// P G is topologically the orbit space VP~ ps /G. 

Theorem 4.2. (Affine Kempf-Ness theorem) Let G = Kq be a complex reductive group acting 
linearly a complex vector space V and suppose K acts unitarily with respect to a fixed Hermitian 
inner product on V . Given a character p for this action, let p := p p : V — > &* denote the 
moment map for this action (shifted by a character p). Then 

i) A G-orbit meets the preimage of under p if and only if it is polystable; that is, 
G/i _1 (0) = VP~ ps . 

ii) A polystable G-orbit meets /x _1 (0) in a single K -orbit. 

iii) A point v (zV is semistable if and only if its G-orbit closure meets /U _1 (0). 

iv) The lowest Morse stratum Sq agrees with the GIT semistable locus V p ~ ss . 

v) The inclusion /z -1 (0) C V p ~ ss induces a homeomorphism 

VP- Ted ■- iT\Q)/K VII P G. 

We note that King proves the first two parts of this theorem in [9] §6, although we shall also 
provide a proof here in part for completeness and also in part as it allows us to state some more 
general results which we shall need for the proof of Theorem 14.121 

To prove the above theorem we introduce a function p v : K — > R for each v G V: 

p v {a) = — H(exp(ia)v , exp(ia)v) H dp ■ a 

4ir 2m' 

where we write exp(ia)v to mean the action of exp(ia) € G on v G V. 

Lemma 4.3. An element a G & is a critical point of p v if and only if p(exp(ia)v) = 0. 
Moreover, the second derivatives ofp v are non-negative and so every critical point is a minimum. 

Proof. The first and second order derivatives of p v are: 
d(p v )a(P) ■= -i^Pv{ot + tj3)\ t= Q 

= — [H(if3 exp(ia)v, exp(ia)v) + H(exp(ia)v, i/3 exp(ia)v)] H dp ■ (3 

An 2iti 

i 1 

= — [H(/3 exp(ia)v, exp(ia)v) — H(exp(ia)v, f3 exp(ia)v)] H dp ■ (3 

Air 2iri 

El 1 — Hip exp(ia)v, exp(ia)v) H dp ■ (3 = — p(exp(ia)v) ■ (3 

— Z7T 2m 



and 



d 2 d ( i 1 

d 2 {Pv)a{!3) := -^Pvi® + tp)\t=o = — ( — H(l3exp(ia + tj3)v, exp(ia)v) + — dp ■ (3 

= — \H((3 2 exp(ia)v,exp(ia)v) — H(f3 exp(ia)v, (3 exp(ia)v)] 
2ir 



\t=o 



EJ -H(f3exp(ia)v,(3exp(ia)v) > 0. 

7T 



Then the lemma follows immediately from these calculations. □ 

Proposition 4.4. Let v G V ; then p v has a minimum if and only if v is polystable. 

Proof. If a is a critical point of p v , then u = exp(ia)v G /i _1 (0) by Lemma 14.31 Given a 1-PS 
A of G we can consider the limit 

(16) limA(t).(«,l) 

t->o 

in L^ 1 = V x C. If the limit exists, then we can assume (by conjugating A by g and replacing 
u by gu if necessary) that A(5 1 ) C K. By Lemma 14.51 below, if 

/3 = dX{2iri) = ^A(exp(2vrit))|i =0 G 
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then p(u) • f3 > with equality if and only if A fixes (u, 1). As p{u) = 0, we conclude that A 
fixes (it, 1) and so it follows from Theorem 12.61 that G ■ (u, 1) is closed in L~ , i.e. G ■ u = G ■ v 
is polystable. 

Conversely, if G ■ v is polystable then G ■ (v, 1) is closed in L . It follows from this that for 
a G 

(1) If exp(ia) G G^, then ^dp • a = 0. 

(2) If exp(ia) ^ G„, then either lim^oo exp(iia) • v does not exist or ^dp ■ a > 0. 
Hence the convex function p v : & — > R is bounded below and achieves a minimum. □ 

Lemma 4.5. Let v £ V and A : C* — > G be a group homomorphism such that X(S 1 ) C K and 
let V = ® r &Yr be the weight decomposition associated to the action of A(C*) on V; then 

p(v) g=y rH(v r , v r ) - (p, A) 

where v = ^ r v r is written with respect to the above weight decomposition and 

a = d\(2m) = ^A(exp(27rii))| t=0 G 

Furthermore, 

i) // lim t ^o ' v ex ^ s i- n V> then p(v) ■ a > — (p, A) u>ii/i equality if and only if A /ixes 
v. 

ii) // lim^o -^(i) ■ { v -, 1) exists in L^ 1 = V x C, i/ien p(t>) • a > u>rt/i equality if and only 
if A fixes (v, 1). 

Proof. By definition := G V : A(s) • t> = t r v for all t G C*}, and so the infinitesimal action 
of a G £. on i> r G F r is a Vr = av r = 2irirv r . As A is a 1-PS of K, the corresponding weight 
decomposition V = ®V r is orthogonal with respect to the Hermitian inner product H and so 
H(v r ,v s ) = for s/r. Therefore 



a(v) ■ a = (H(av, v) — dp ■ a) 

2m 2m 



^2rH(v r ,v r ) - (p, A) 



— : H(2irirv r ,v s ) — dp ■ o^j 



where 2m(p, A) = dp ■ a as a = d\(2iri). As lim^o X(t) • v exists, then this implies v r = for 
all r < 0. Hence 'Yl ir rH{v T ,v r ) > with equality if and only if v = Vq which proves part i). If 
limj^o A(i) • (v, 1) exists, then v r = for all r < and (p, A) < 0. Hence part ii) follows and we 
have equality if and only if v = Vq and (p, A) = 0; that is, (v, 1) is fixed by A. □ 

We just need to state one additional lemma before we can prove the affine version of the 
Kempf-Ness theorem. 

Lemma 4.6. Let v G V be a critical point of \\p\\ 2 where \\ — \ \ is the norm associated to a 
K -invariant inner product on R; then G-v meets the critical locus in precisely the K -orbit of v. 

Proof. If w = gv is also critical for ||p|| 2 , then we want to show that w G K ■ v. Since 
G = Kexp(iM), it suffices to prove this when g = exp(ia) for some a G In this case, both v 
and w belong to some critical subset Ck-/3 and so there exists k G K such that 

P ■= p*( v ) = k ■ p*(w) = ff(kw). 

As w G K ■ v if and only if kw G K ■ v, we can assume j3 = p*(v) = fi*(w). Then, following |10| 
Lemma 7.2, we consider the function h : R — > R defined by h(t) = p,(exp(ita)v) ■ a. Since 

h(0) = fi(v) ■ a = (/3,a) = p(v) ■ a = h(l), 
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there exists t G (0, 1) such that h'(t) = 0. Then 

= h'it) = — — (H(aexp(ita)v,exp(ita)v) + dp ■ a) 
dt2i 

= -[H(a 2 exp(ita)u, exp(ita)v) — H(a exp(ita)i> , a exp(ita)v)] 
llli — H(a e~xp(ita)v, a exp(ita)v). 

Hence aexp(ita)v = and so a is contained in & e xp(ita)v Therefore, a G &v and ia G g„, so 
that w = exp(ia)u = v G if • i> as required. □ 

We now given the proof of Theorem 14.21 ( Affine Kempf-Ness theorem) : 

Proof, i) follows immediately from Lemma [4.31 and Proposition 14.41 and ii) follows from Lemma 



For hi), if G ■ v is semistable then there is a unique closed orbit G ■ w in G ■ v which is 
polystable and so by i) G-w meets // _1 (0). Conversely, if w G /i _I (0)nG • v, then w is polystable 
by i). It then follows from the openness of V p ~ ss in V that v is also semistable. 

For iv), if v G So, then the limit of its negative gradient flow Hm^ 00 7 u (t) is contained in 
Co fl G ■ v and as Co = /U _1 (0) by iii) we conclude that v is semistable. Conversely, if G ■ v is 
semistable, then there is a polystable orbit G • w C G • v and by i) we have G • w meets /z -1 (0). 
Therefore w G So and as So is open in V, also i> G Sq. 

For v), it is clear from parts i) and ii) that we have a bijection of sets 

lT l {Q)/K ^- ps /G V// P G. 

The inclusion /i _1 (0) C y _ss induces a continuous bijection 

H-\G)/K^VI/ P G 

and the inverse of this map is constructed by using the gradient flow V p ~ ss = So — > Co = /u _1 (0) 
associated to ||/i|| 2 with respect to a ET-invariant norm on ^. □ 

4.2. A comparison of the stratifications. We now fix an inner product ( — , — ) on ^ which 
is invariant under the adjoint action of K on its Lie algebra We use || — || to denote the 
associated isT-invariant norm on A and also the norm on the set of conjugacy classes of 1-PSs. 
We assume that || — || 2 takes integral values on integral weights in A (i.e. if A : S 1 — >■ K is 
a group homomorphism, then ||dA(27rz)|| 2 G Z as required by Assumption 12. 9p . We want to 
compare Hesselink's stratification of V by p-adapted 1-PSs of G = Kc 

[A] 

which is indexed by conjugacy classes of homomorphisms A : C* — > G = Kc, with the Morse 
stratification of V associated to \\p\\ 2 

V=[_\ S K . P , 

K-/3 

which is indexed by adjoint orbits in R. If p is the trivial character, then Hesselink's stratifi- 
cation of V and the Morse stratification both consist of a single stratum indexed by the trivial 
homomorphism A : C* — > G and G & respectively. Therefore, we assume p is a non-trivial 
character. 

For v G V and a 1-PS A of G such that limt_>o A(t) • v exists, in $2] we defined the Hilbert- 
Mumford function 

p(v,X) := (p, A) 

where we have now omitted the superscript p as this character is fixed. We recall that v G V 
is strongly stable if there are no 1-PSs of G for which lim^o A(t) • v exists. For every v G V 
which is not strongly stable, we define 

M(,)=inf.^' A) 
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where the infimum is taken over all 1-PSs A of G such that lim^o ■ v exists. For strongly 
stable points v, we define M{v) := 0. 

Given a 1-PS A of G such that X(S l ) C K, we let 

a = a(A) = dA(27ri) := -^-A(exp(27ut))|i =0 € Si 

denote the associated integral weight. Conversely, given a € we define an associated real 
1-PS subgroup exp(aR) of K. This correspondence defines an isomorphism between real 1- 
PSs of K and We recall that a is said to be integral if the map A : S 1 — >■ K defined by 
A(exp(27rilR)) := exp(aM) is a group homomorphism. For any a, we can find a positive real 
number c such that ca is integral and then we shall refer to the 1-PS A associated to ca as a 
1-PS associated to a. 

Lemma 4.7. Let X be a 1-PS of G such that A(S' 1 ) C K and let a £ & be the associated integral 
weight. Then for v € V, we have: 

i) If lim^o X(t) ■ v exists then /J, a {v) > —(p,\) with equality if and only if X(t) C G v . In 
this case 

KvA) >-^4>-\Hv)\\. 



ii) Moreover, M(v) > — ||/i(t>)|| with equality if and only if v is a critical point of fip where 
P = H*{v). 

Proof. The first statement of part i) follows immediately from Lemma 14.51 i). The second 
statement of part i) follows from the first and the fact that 

V> ( w )> nZu ^ \\K V )\\ 



a \ a 



with equality if and only if (x*{v) is a positive scalar multiple of a. 

For ii) if v is strongly stable then M(v) = > — with equality if and only if fi(v) = 0. 

If [i{v) = 0, then v is critical for /j,q = where = fJ.*(v). If (3 = (J,*(v) ^ and the strongly 
stable point v is critical for /ig, then this would contradict Theorem 14.21 iv): V ss = So. 

If v is not strongly stable, then the inequality in ii) follows from i). If v is a critical point 
of /Ufl where /3 = fi*(v), then as /3 is rational (cf. §3.3|) we know that n/3 is integral for some 
positive integer n. The 1-PS A associated to n/3 fixes v (by definition of v being a critical point 
of up). Hence 

M(v) - W = " W = " V' ¥\\) = ~ m = ~ Mv)l1 

and so M(v) = —\\fi(v)\\. Conversely, if M(v) = — \\fjb(v)\\, then by i) there is a 1-PS A 
(corresponding to a £ 8.) which fixes v and 

fi a (v) = -(p,X) and 11^)11 = ^1 = (fty),. ° 



jail \ ||a| 

Hence j3 := (J,*(v) is a positive scalar multiple of a and a v = as A fixes v. Therefore, j3 v = 
and so t> is critical for yug where /3 = n*(v). □ 

Corollary 4.8. Let v G V and /3 = n*(v) ^ 0. // /3 t , = 0, i/ien v is unstable. Moreover, if X is 
a 1-PS associated to f3, then X is adapted to v. 

Proof. Let A : 5 1 — > K be the 1-PS associated to cj3 where c is a positive number such that c/3 
is integral; we note that this is non-trivial as f3 ^ 0. The 1-PS A fixes v and so by Lemma 14.71 
i) we have that 

< c\ |0| | 2 = ii c p(v) = -{p, A) = -n(v, A). 
Hence v is unstable by Proposition 12.51 Moreover, 

- "W = " w = ~ m = ~ Mv){] 

and so by Lemma UTTl ii) , M(v) = — ||//(t;)|| and A is adapted to v. □ 
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We now have a nice description of the non-minimal critical points of \\p\\ 2 (for the projective 
version, see |14| Theorem 6.1): 

Theorem 4.9. Let v E V and f3 = p*(v). Then the following are equivalent: 

i) v is a non-minimal critical point of ||^|| 2 . 

ii) p ^ and f3 v = 0. 

hi) -M( V ) = m\>o 

Proof. The equivalence of i) and ii) is given in Lemma 13.51 and the equivalence between ii) and 
iii) is given by Lemma 14.71 ii). □ 

Let f3 ^ be an element of such that the adjoint orbit K ■ (3 € B indexes a Morse stratum 
Sx-p- As (3 is a rational weight, we let n be the smallest positive integer such that n/3 is integral 
and we let A := \p be the indivisible 1-PS (considered as a 1-PS A : S 1 — >■ K or A : C* — > G) 
associated to this integral weight. 

In H'6A\ we considered the action of the stabiliser subgroup K@ of (3 under the adjoint action 
of K on the critical locus V@ := critpLp, for which there is a moment map p — j3* : V 13 — > 
We defined Z^ m C to be the minimal Morse stratum for \\p — /3*|| 2 whose corresponding 
critical subset is Cp := V@ n p~ l (f3*) by Lemma [3781 

In §2.3\ we considered the action of the subgroup G\ consisting of elements of G which 
commute with A on the fixed point locus V x and used a character p\ of G\ defined at (JHJ) to 
linearise this action. The semistable set for this action (with respect to p\) is equal to the limit 
set Z\ defined at ([6]) of the blade 5a of the Hesselink stratum S\m associated to this 1-PS A by 
Proposition 12.181 

For A = A/3, we note that V x = and G\ is the complexification of Kp\ thus from now on 
we shall write Gp := G\ for A = A^. 

Theorem 4.10. Let j3 ^ be a point in ^ which indexes a nonempty Morse stratum and let 
A = \p be the associated 1-PS as above. Then Z\ = ZJ^ m and the set of closed Gp-orbits in Z\ 
is equal to GpCp. 

Proof. We recall that A is the 1-PS associated to the integral weight n(3 for some n > and so 
n \\P\\ = ll-^ll- If v ^ C/3) then by Corollary 14.81 the 1-PS A is adapted to v and by Theorem 14.91 
-M(v) = \\/3\\. Hence, 

<i7) . M{v)= j^ =m jm. 

As moment maps for the action of Kq on we claim that fi — (3* is equal to the natural 
moment map for this action shifted by Pa/||A|| 2 which we denote by \j! . For v G V@ and a £ &p, 



and 



(fj, — (3*)(v) ■ a := /j,(v) ■ a — (3* ■ a = - — : (H(av, v) — dp ■ a) — f3* ■ a 

p'(v) . a := _1- (h((xv, v) - jj^|j2 d PA • c^j = fll(av, v) - dp- a+ jj^ dA* • c^j 

where A* : K — > S 1 is the character dual to A : S 1 — > K under our fixed inner product (we 
note that as A is the 1-PS associated to the rational weight n/3 we have that dX* = 2mrif3*). It 
follows from the relation given at (|17p . that 

2m 1 1 A|| 2 2nm H 

which proves the claim and so p! = p — (3* as moment maps for the iT^-action on . 

For any character p and m > we have that the GIT (semi)stable sets for p and mp agree: 

yP-(s)s _ ymp-(s)s 
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(the easiest way to see this is to use the description of (semi)stability coming from the Hilbert- 
Mumford criterion given in Proposition 12. 5p . We note that although p\ is an honest character 
of G\, the element /0a/||A|| 2 is only a rational character. However for the purposes of GIT, we 
can still use this rational character to linearise the action and from the observation above we 
note that 

(18) (yA) PA /||A|| 2 -ss = (yXy x -88 = Zx 

where the second equality comes from Proposition 12.181 Then by part iv) of the affine Kempf- 
Ness theorem applied to the moment map p! for the action of Kp on V? , we have that the GIT 
semistable set of (|18p is the lowest Morse stratum Z™ m for the norm square of the moment map 
p! = p — f3* : Vp — > Mg. The final statement is part i) of the affine Kempf-Ness theorem. □ 

Corollary 4.11. Let (3 ^ be a point in & which indexes a nonempty Morse stratum and let 
X = Xp be the associated 1-PS as above; then 

Sx = l> min . 

Proof. This follows immediately from the result above given the fact that p\ : — > V x is equal 
to pp : Vl -> V@ and S x = Px\Zx) and Yg m[n = p~ B l (Zf n ). □ 

We have seen how to associate to (3 G & (which indexes a Morse stratum Sk-p) a 1-PS A^ 
which indexes a Hessehnk stratum Syx »] an d Theorem 14. 1UI shows that the associated Hessehnk 
stratum is nonempty We now describe how to associate to a 1-PS A indexing an unstable 
Hessehnk stratum S\\\ a rational weight f3 = /3(A) which indexes a Morse stratum. Firstly, we 
can assume (by conjugating A if necessary) that A(S' 1 ) C K and from above we know that (3 
should be a positive scalar multiple of d\(2m) G ^. If we write j3 = cd\{2iri) we have 

(19) c 2 1 1 A| | 2 = 1 10| | 2 = -dp ■ p/2 - ^-dp ■ /3 = -c(p, A) 
by Remark 13.91 and so 

P ■= -fe^dA(27ri) G A 

is the desired element which satisfies (|19p . Moreover, it follows that the associated Morse 
stratum Sx-p is nonempty by Theorem 14. 101 above. 

Theorem 4.12. Let G = Kq be a complex reductive group acting linearly on a complex vector 
space V for which K acts unitarily with respect to a fixed Hermitian inner product on V . We 
use a character p to linearise the action and also to shift the natural moment map associated to 
this action. For a fixed K -invariant inner product on the Lie algebra R, the Morse stratification 
and Hesselink's stratification coincide; that is, 

Sk-p = S [Xp ] 

where Xp is the 1-PS associated to (3 (or (3 is the rational weight associated to the 1-PS Xp). 

Proof. We have seen above how to associate to j3 a 1-PS A^ and conversely how to associate to 
a 1-PS A a rational weight /3(A). The theorem follows from Corollary 14.111 above and the fact 
that S^Xp] = GSxp and Sk-p = GYg mm (which we prove in Theorem 14. 141 below) . □ 

4.3. The proof of the alternate description of the Morse strata. In this section we 
prove the alternative description of the Morse strata; that is, Sk-p = GYg im where we continue 
to use the notation defined in ^3.4i We fix a positive Weyl chamber t + and let f3 denote the 
unique point of the adjoint orbit K ■ (3 which meets t_|_. 

Proposition 4.13. For v G GV+, we have \\p{v)\\ > \\(3\\. Moreover, if v G GYJ 1111 then (3 is 
the closest point to the origin of p*(G • v) fl i+. 
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Proof. For the first statement, we can assume v £ as \\p\\ 2 is K-invariant and GV+ = KVf. 
It follows from Lemma 14.51 that 

p(v)-(3>-^-dp-f3 

where the right hand side is equal to ||/3|| 2 by Remark 13.91 Therefore, > For 

the second statement, we can assume v £ y^ 11111 an d as | \p,(y) \\ > it suffices to show that 

(3 £ fJ>*(G ■ v). Since pp(v) £ Z™ m is contained in the orbit closure G ■ v , it suffices to show 
that P £ p*(G ■ v) for v £ Z2F 1 . As Z™ in is the minimal Morse stratum for \\p — f3*\\ 2 with 
critical subset Cp and the flow is also contained in G-orbit closures, it suffices to show that 
j3 £ H*(G ■ v) for points v £ Cp. Since p* takes the value f3 on Cp, this completes the proof. □ 

The above proposition is an affine version of |10] Corollary 6.11 and Corollary 6.12. For the 
proof of Theorem 14.141 below, we take a slightly different approach to |10j . 

Theorem 4.14. For £ &, we have S K .p = GYg min . 

Proof. We shall prove that GY^ 1111 C Sk-b as then these sets must be equal as we can write 
V as a disjoint union of the Morse strata Sk-b and also as a disjoint union of the subsets 
GYp nn by Proposition 14.131 Let v £ GY^ 1111 and suppose that v belongs to some other Morse 
stratum indexed by (3' £ t+. As the Morse strata are if-invariant, we can assume without loss 
of generality that the negative gradient flow of v under \\p\\ 2 converges to Cri and so there is a 
point v' in the orbit closure of v such that fJ,*(v') = /3'. Then by Proposition 14. 13] we have that 

(20) > 

As v £ GY™ m , we can write v = gy for y £ Y^ 11111 . Then ps(y) £ Za im and pg(v) flows under 
the negative gradient flow of \\fi — [3*\\ 2 to a point c £ Cp. Then c € G • v d Sk-b and so 
dSpc-H' ^Sk-r 7^ 0, but as the Morse strata form a stratification this contradicts ([20]) . Therefore 
GYp n C S K .p as required. □ 

5. Stratifications of spaces of quiver representations 

As mentioned above, there is a construction due to King of the moduli space of 'semistable' 
representations of a quiver Q with fixed invariants d as a GIT quotient of a reductive group G 
acting on an affine space Rep(Q, d) with respect to a character p [§]. The notion of (semi) stability 
is determined by a stability parameter 9 which is also used to construct the character p. 

Over the complex numbers, we know that the Morse stratification agrees with Hesselink's 
stratification for the action of G = Kc on the complex vector space Rep(Q, d) linearised by p for 
any invariant inner product on R. In this section we describe another stratification of Rep(Q, d) 
by Harder-Narasimhan types r where the Harder-Narasimhan filtration of a quiver representa- 
tion is defined by using both the stability parameter 9 and the chosen inner product on & (cf. 
Definition 15.21 below). We shall see that a Harder-Narasimhan stratum S T has a description as 
S T = GY* S and there is a retraction p T : Y^ s — > where can be explicitly described. More- 
over, we shall see that the Harder-Narasimhan stratification, Morse stratification and Hesselink 
stratification all agree. 

We briefly summarise here the known results on Harder-Narasimhan stratifications for quiv- 
ers. Reineke describes a Harder-Narasimhan stratification for quivers and obtains formulae for 
the Betti numbers of the associated moduli spaces |15j . However, Reineke's notion of Harder- 
Narasimhan filtration does not depend on a choice of invariant inner product on R (the definition 
given by Reineke corresponds to the Harder-Narasimhan filtration associated to the Killing form 
in our definition below). Harada and Wilkin [1] show for the Killing form that the Morse strati- 
fication agrees with the Harder-Narasimhan stratification. The group G is a product of general 
linear groups and so one can construct families of invariant inner products on R by using a 
weighted sum of the Killing forms on the unitary Lie algebras which make up This idea is 
used by Tur |17j in his thesis, where he shows that the Harder-Narasimhan stratification and 
Hesselink's stratification coincide for any inner product associated to a collection of weights. It 
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follows from this result and Theorem 14.121 above that all three stratifications coincide, however 
we provide a short proof of this result below for completeness. 

5.1. GIT construction of quiver moduli. A (C-)representation of a quiver Q = (V,A,h,t) 
is a tuple W = (W v , 4> e ) consisting of a complex vector space W v for each vertex v and a linear 
map (p a : W t r a \ — > W^u) for each arrow a. A morphism of quiver representations / : W — >• W' 
is given by linear maps f v : W v —¥ W' v for each vertex v such that f h ^ o cp a = cp' a o f t , a \ for 
every arrow a. One forms the obvious notions of isomorphism, subrepresentation and quotient 
representation. The dimension of a quiver representation is dim TV = (dimWt,) 6 N v . 

For a dimension vector d = (d v ) 6 N v , the complex affine space 

Rep{Q,d) = ® aeA Rom(C dt ^,C dh ^) 

parametrises representations W of Q of dimension d with a choice of isomorphism W v = C dv . 
The group 

G(Q,d) = l[GL(d v ) 

acts naturally on Rep(Q,d) by conjugation: (g ■ (p) a = g^a^ag^l) for g = (g v ) G G(Q,d) and 
ip = (if a ) £ Rep(Q, d). We note that there is a copy of the multiplicative group C* embedded in 
G(Q, d) as 1 1—)- (tld v ) which acts trivially on Rep(Q, d) and so if we want to have stable points 
we must consider the action of G(Q,d)/C* or modify the definition of stability so that stable 
orbits can have positive dimensional stabilisers (the second approach is taken by King in [9]). 
However, for the purposes of studying stratifications associated to this action, the presence of 
this copy of C* does not matter and so we work with the action of G = G(Q, d). 

The action is linearised by choosing a character p of G. Following King [S], we let 6 = 
(6 V ) £ Z v denote a tuple of integers such that ^2 v v d v = and associate to 6, the character 
p = pe : G -t C* given by 

P(9v) = l[det(g v )^. 

V 

King uses the Hilbert-Mumford criterion to reinterpret the notion of p-semistability for points 
in Hep(Q,d) as a condition for the corresponding quiver representation: 

Definition 5.1. A representation W of Q of dimension d is #-semistable if for all proper 
subrepresentations W C W we have 9{W') := Yl v ®v dim W' v > 0. 

The moduli space of 0-semistable quiver representations is constructed by King as the quotient 
of G acting on Rep(Q, d) with respect to the character p defined by 6. 

5.2. Harder Narasimhan nitrations for quivers. As G = Kc = G(Q,d) is a product of 
general linear groups GL(d„), the Lie algebra A is a sum of unitary Lie algebras u(C dv ). As 
every invariant inner product on u(C dv ) is a positive scalar multiple of the Killing form k v , the 
invariant inner products (— , — ) on & are weighted sums ^ a v K v for positive a v . Moreover, we 
shall assume a v are integral so that the norm squared of an integral element in ^ is integral (cf. 
Assumption 12. 9p . For a = (a v ) € N+, we let (— , — ) a denote the associated inner product. 

Definition 5.2. For a representation W of Q (of any dimension), we say W is #-semistable if 
for all proper subrepresentations 

6(W) 6{W) 
a(W) ~ a(W) 

where a(VF) := ^2a v dimW v . A Harder-Narasimhan filtration of W (with respect to a and 9) 
is a filtration = W(n\ C Wru C • • • C Wr s -\ = W by subrepresentations, such that the quotient 
represenations Wi := Wm /Wu^u are 0-semistable and 

0(Wi) 9(W 2 ) 9{W S ) 
a{Wt) < a(W 2 ) < "' < a(W s )' 
The Harder-Narasimhan type of W (with respect to a and 9) is t(W) := (dim W\, . . . , dim W s ). 
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The standard techniques are used to show existence and uniqueness of the Harder-Narasimhan 
filtration. The trivial Harder-Narasimhan type for representations of dimension d is To = (d) 
and the representations with this type are #-semistable. We have a decomposition 

Rep(Q,d) =\JS T 

T 

where S T indexes the subset of representations with Harder-Narasimhan type r. 

5.3. All three stratifications coincide. Let r = (d\, . . . ,d s ) be a Harder-Narasimhan type 
(with respect to a and 9) for a representation of Q of dimension d. We write W v := C dv = 
Wi v • • • W sv where W iv = C (dl) " , then every (tp a ) G Rep(Q, d) can be written as 




where tp % £ : W jAa) -»• W lMa) . We let 

s 

Z T : = {(v? a ) G Rep(Q, d) : = for i ^ j} 2i Rep(Q, dj) 

i=l 

and 

n := {(¥>«) G Rep(g, d) : p« = for i > j}; 
thus we have a projection p T : Y T — > Z T . Let Rep(Q, di) e ~ ss C Rep(Q, dj) denote the open subset 
of #-semistable representations of dimension dj. Then we define C Z T to be the image of 
©iRep((5, dj) e_ss under the above isomorphism and Y^ s := p~ l (Z^). By construction of Y^ s , 
every point in Y^ s has a Harder-Narasimhan filtration of type r. 

Definition 5.3. We define /3 = /3(r) G R by 

A, = 2™ diag(/3i, . . . , ft, . . . , /3 2 , . . . , . . . , ft) G u(C^) 

where := —6(di) / a(di) appears (di) v times in /?„. 

We let A/3 denote the 1-PS associated to /3 so d\p(2m) = n/3 for some n > and we let ] 
denote the Hesselink strata for (— , — ) a . 

Proposition 5.4. Let j3 = /3(t); then 



i) V x f 


= Z T . 


ii) V* 


= Y T . 


iii) ^a s 


= Z S T S 


iv) S'Ag 


yss 

1 T 



Proof. The first two statements follow immediately from the definition of (3 where we note that 
Pi > ■ ■ ■ > (3 S as r is a Harder-Narasimhan type and so the 'slopes' 9 /a are increasing. As iv) 
follows from iii), it suffices to prove iii). Let ip G Z* s ; then by Proposition 12.181 we know that 
if G Z\ fj if for every 1-PS A' = (X[ v ) of G\„ = Yii^GLiWi^) for which lim t ^o A'(i) • (p exists we 
have 

(21) //Mv?,A') = W^WKpA') - (p,\p)(\p,\') a = \\X(s\\l [(p, A') + (p,d\'(2m)) a ] > 

where the second equality follows as /3 is scaled so that ||/3||„ = — ■ /3 = —Mp,\p). 

We simultaneously diagonalise the action of each A^ v on Wi )V , so we have weights 71 > • • • > 7 r 
and decompositions Wi jV = W^ v © • • • © W[ v such that Aj^(t) acts on W- v by t 7j . We note 
that lim^o A'(t) • y> exists if and only if wf } = (W^ © • • • © W° iv , <p*\) is a subrepresentation 
of Wi = (C^ v .tpa) for all i and j. Then ([21]) is equivalent to 

(22) £ 7 , (*(w?) + mw?)) = £ 7i (<W) - 5fy«( w /)) ^ °- 
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As (p £ Z^ , the representations Wi = (Wi v .(p™) of dimension di are 0-semistable. Moreover, as 

are subrepresentations of Wi, semistability for all i implies that (|22p holds. 
Conversely if (p £ Z T — Z^, then there must be a destabilising subrepresentation Wf of Wi 
for some 1 < i < s. We can pick an orthogonal complement Wf v to W{ v C Wi >v and define a 
1-PS A' of G\p by 

/ t/ w i \ 
At,«(*) = I Q 1 '" I and A fc)t) (t) = for k ^ i. 

Then as W/ destabilises Wi, we have 

^TT^ = A ') + ^' dA '( 2 ™))- = W 1 ) + /M^i 1 ) < 

which proves <p Z\ p by Proposition 12.181 □ 

Theorem 5.5. The Harder-Narasimhan stratification of the space of representations of a quiver 
of fixed dimension agrees with both the Morse and Hesselink stratification for (— , — ) a . Moreover, 
the Harder-Narasimhan strata have the form S T = GY^ S . 

Proof. Let r be a Harder-Narasimhan type as above; then clearly Y^ s C S T and as the Harder- 
Narasimhan strata are G-invariant we have GY^ S C S T . However, by Proposition 15.41 above 
GY^ S = GS\p = S[\ .] where (5 = /3(t). Since the Harder-Narasimhan strata and the Hesselink 
strata both form a stratification of Rep(Q, d) and every Hesselink stratum is contained in a 
Harder-Narasimhan stratum, these stratifications must coincide and S T = GY^ S . It follows 
from Theorem 14. 121 that all three stratifications coincide. □ 
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